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This work considers the design optimization of a flapping wing in forward flight with active shape morphing,

aimed at maximizing propulsive efficiency under lift and thrust constraints. This is done with an inviscid three-

dimensional unsteady vortex-lattice method, for which the moderate level of fidelity is offset by a relatively

inexpensive computational cost. The design is performed with a gradient-based optimization, where gradients are

computed with an analytical sensitivity analysis. Wake terms provide the only connection between the forces

generated at disparate time steps and must be included to compute the derivative of the aerodynamic state at a time

step with respect to the wing shape at all previous steps. The cyclic wing morphing, superimposed upon the flapping

motions, is definedbya series of spatial and temporal approximations. The generalized coordinates of afinite number

of twisting and bending modes are approximated by cubic splines. The amplitudes at the control points provide

design variables; increasing the number of variables (providing the wing morphing with a greater degree of spatial

and temporal freedom) is seen to provide increasingly superior designs, with little increase in computational cost.

I. Introduction

T HE design and optimization of artificial flapping-wing flyers
presents considerable difficulties in terms of computational

cost: the complex physical phenomena associated with the flight
(unsteady low-Reynolds-number vorticalflows in conjunctionwith a
nonlinear elastic wing surface undergoing large prescribed rotations
and translations) may require a high-fidelity computational tool.
Furthermore, the search optimization process typically requires
many function evaluations to converge to a relevant optimum.
Lower-fidelity numerical tools may help alleviate the burden, either
used during the search process in conjunction with a higher-fidelity
model [1], used to pare down the field of design variables to those of
particular importance, or used alone, if it is thought that the tool is
able to adequately capture the physical process that may drive the
design.

This work considers an unsteady vortex-lattice method for the
design of an avianlike flapping wing in forward flight. The method
can compute three-dimensional unsteady flows, but not viscous
effects (flow separation, transition, reattachment, etc. [2]) or situa-
tions with substantial wing–wake interactions [3]. For largely
attached flows, the model should provide a suitable compromise
between computation cost and fidelity. Lower-fidelity quasi-steady
blade element methods (see Berman and Wang [4], Beran et al. [5],
Rakotomamonjy et al. [6], and Madangopal et al. [7] for design
optimization studies) allow for low design cost butmay not be able to
capture relevant aspects of the flow. Conversely, high-fidelity
Navier–Stokes flow solvers (see Shyy et al. [8], Ho et al. [9], Tuncer
et al. [10], and Soueid et al. [11]) are typically too expensive: most
studies are confined to a fewdesignvariables, for usewith a response-
surface-based surrogate optimization.

Literature pertaining to the use of an unsteady vortex-lattice
method (extensively detailed by Katz and Plotkin [12]) for flapping
flight can be found in the work of Vest and Katz [13] and Fritz and
Long [14], who consider simultaneous flapping and twisting (both
are needed in conjunction to prevent appreciable flow separation at
large angles of attack) in forward flight; the former work shows
adequate correspondencewith wind-tunnel data. Smith [15] and Zhu
[16] discuss the implications of coupling an unsteady vortex-lattice
method with an elastic structural flapping model. The latter is able to
show the dominance of inertial forces (due to the wing rotation and
translation) over aerodynamic forces when flapping in air; the
opposite is true in water. A design-oriented study is given by Willis
et al. [17], who use a wake-only vortex-lattice method developed by
Hall et al. [18]. This method defines a periodic wake geometry traced
by the trailing edge of a wing through a single flapping cycle and
computes the minimum-power vorticity distribution under force
constraints. Willis et al. [17] locate the optimal time-dependent
feathering distribution along a flapping wing to align each span
station with the local flow (defined by the flappingmotions as well as
the downwash from the minimum-power wake). Finally, Lebental
[19] considers a hybrid method with a vortex lattice along the wing
and a vorton approximation in the wake and is thus able to compute
hovering motions with strong wing–wake interactions.

Few options exist for optimization with a large number of design
variables other than gradient-based methods. Many techniques for
computing these design derivatives exist [20], though the current
discussion is concerned only with analytical methods: direct and
adjoint. The former directly computes the derivative of the system
responsewith respect to the design variables, whereas the latter skips
this (typically) superfluous quantity in favor of an adjoint vector,
which is independent of the design variables. The use of an adjoint
method is generally consideredmore cost-effectivewhen the number
of design variables outnumbers the number of constraints [21].
However, the moderate-fidelity vortex-lattice method is an attractive
option in the sense that analytical design sensitivities can be
practically computed for a large number of design variables without
resorting to adjoint methods, which are notoriously cumbersome for
nonlinear unsteady physics [22]. The differential equation for the
adjoint vector is provided with terminal conditions and must be
integrated in reverse [23]: the system response and the adjoint cannot
be computed simultaneously and the storage costs can be large.

For cases such as a vortex-lattice method, in which the Jacobian
(i.e., the influence matrix, described below) can be explicitly
factorized and stored with little effort, the direct method requires the
solution of a single system of equations at each time step with
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multiple right-hand sides (equal to the number of design variables)
[24]. The cost of such an endeavor grows very slowly with the
number of design variables. Conversely, for cases in which the
Jacobian is never explicitly factorized (high-fidelity Navier–Stokes
solvers, for example), the cost grows quickly with the number of
design variables and adjoint methods are required [24]. Methods for
handling the reverse integration and large storage requirements for
gradient-based aerodynamic design are given by numerous authors,
including Rumpfkeil and Zingg [25] (two-dimensional flows) and
Mavriplis [26] (three-dimensional flows). Many of these issues
can be alleviated by casting the problem in a time-periodic form: a
frequency-domain framework for an unsteady vortex-lattice method
is detailed by Hall [27], and the relatively straightforward and
inexpensive computations needed for the adjoint vector of the cyclic
formulation (harmonic balance) are given by Thomas et al. [28].

This work is, however, solely concerned with a transient analysis
(i.e., system response is computed by time-marching), where sensi-
tivities are computed with a direct method. Analytical sensitivities of
a steady vortex-lattice method are described by Chittick andMartins
[29] and Stanford and Ifju [30] in the context of coupled aeroelastic
systems.Murthy andKaza [31] provide details as to a semi-analytical
method for unsteady panel flows (where some derivatives are com-
puted with a finite difference approximation, rather than analyti-
cally). Kolonay et al. [32] compute analytical sensitivities of an
unsteady doublet-lattice method in the frequency domain; Li and
Livne [33] present similar information with a doublet-point method.
To the best of the authors’ knowledge, a sensitivity analysis of an
unsteady vortex-lattice method with a free deforming wake in the
time domain is unavailable in the literature and is the focus of the
present work.

The remainder of this work is organized as follows: a general
description of the unsteady vortex-lattice method is given, as well as
explicit matrix operations needed within each time step. This is
followed by a derivation of the sensitivity analysis; specifically, the
derivative of a time-averaged force quantity (lift, power, etc.) with
respect to the shape of the wing at each time step. Results are then
given for an avianlike flapping wing in forward flight, in terms of
unsteady force generation, wake patterns, and a verification of
the sensitivity analysis. The work concludes with a series of design
optimization studies, aimed at maximizing the propulsive efficiency
of a flapping wing under thrust and lift constraints, with active shape
morphing during the flapping stroke. As the wing morphing is given
a greater degree of spatial and temporal freedom (i.e., the number
of design variables is increased), the optimizer is seen to provide
increasingly superior designs, with little increase in computational
cost.

II. Unsteady Vortex-Lattice Method

As noted above, the unsteady vortex-lattice method used here will
be unable to handle flapping cases with excessive wing–wake
interactions (i.e., where thewingwill travel through thewake created
during the previous stroke), due to the interconnected wake-ring
approximation, as opposed to the discrete vorton wake approxima-
tion [19]. This restricts the current work to forward-flight config-

urations, rather than hovering motions. Vortices are only shed from
the trailing edge, and thus leading-edge vortices (which can be
important at high angles of attack [34]) cannot be considered. As
before, such a mechanism is more important for hovering than
forward flight, though its exclusion can be expected to lead to an
underprediction of the required power input for high reduced
frequencies [35]. Finally, the vortex-lattice method can obviously
only capture induced drag due to lift and will generally overpredict
the thrust (as both viscous and separation drag are missed). The
method should be fairly accurate in cases with moderate-to-high
Reynolds numbers, moderate-to-high aspect ratios, low angles
of attack, and reduced frequencies. However, it is important to
emphasize that from a design/optimization standpoint, the vortex-
lattice method can typically be used well outside this stated range of
validity. The aerodynamic response will certainly have some bias
error from the true response (computed with computational fluid
dynamics or an experiment), but the computed gradients (discussed
below) are still valuable if they can push the design variables in the
correct direction.

At a given point in time, the flapping-wing geometry is defined by
four metrics. First, in a fixed body frame, the undeformed wing is
defined by fxog, a vector with 3 � �M� 1� � �N � 1� quantities
(where M is the number of chordwise panels; N the number of
spanwise panels; and x, y, and z coordinates are all of interest, hence
the 3). This vector is independent of time and does not consider
flapping kinematics or local shape changes, as seen on the left of
Fig. 1. Second, the morphed wing geometry is given by fxig (where
the superscript denotes the ith time step), a quantity also measured in
the fixed body frame. Active shape morphing can be defined by
updating this vector in time. The remaining twometrics are defined in
an inertial frame, taking into account wing rotation (due to flapping,
for example) and translation (due to forward flight): fXirg are the
corners of each vortex ring, and fXicg are the collocation points of
each ring, located at the center of each ring (seen on the right of
Fig. 1). These latter two are computed by

fXirg � �Qi
r� � fxig � f�ig fXicg � �Qi

c� � fxig � f�ig (1)

where �Qi
r� and �Qi

c� are sparsematrices that serve two functions: they
interpolate the wing geometry fxig onto the corners of the rings (or
their collocation points), and they transform the wing shape from a
time-fixed body frame to an inertial frame. This is done with a
transformation matrix defined by a set of Euler angles (in this
case, only the flapping angle �). � represents a rigid-body motion
(distance traveled by the forward flight). The geometry of the wake,
given by the vector fXiwakeg, is defined by the trailing edge of the
wing. At a given time step, the row of vortex rings that made up the
trailing edge at the previous step is convected into the wake, locating
the position in space where the wing used to be.

The basics of the unsteady vortex-latticemethod are given byKatz
and Plotkin [12], which generally operates as follows: At each time
step, thewing geometry is updated as defined above. Thevortex rings
along the trailing edge of the wing are convected into the wake, and
the strength (circulation) of each of these rings is set equal to that
computed at the previous time step and held fixed. A system of

{xo}

{xi}

{Xi
r}

{Xi
wake}

{Xi
c}

Fig. 1 Body-attached and inertial geometry definitions.
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equations is developed and solved for the newcirculation distribution
throughout the wing: velocities due to wing–wing interactions,
wake–wing interactions, freestream velocities, wing rotations
(flapping), and wing deformation must all cancel each other in the
direction normal to each collocation point. This stipulates that the
wing becomes a stream surface of the flow. This wing-circulation
distribution can be used to compute the induced velocity at each
collocation point (for induced drag computations), pressures, and
integrated forces (lift, thrust, etc.). The local streamline at each wake
ring can be computed through the wing–wake and wake–wake
interactions and subsequently deformed.

Mathematically, the following operations are required at each time
step. Based upon prescribed kinematics and/or local wing defor-
mations, the positions of the vortex rings located on the wing are
updated with Eq. (1). For the forward flight considered here,
�i �U1 � t. Next, the row of vortex rings along the trailing edge of
the wing is convected into the wake, placed in the area previously
occupied by the trailing edge before its translation by �i:

f �Xiwakeg � �Bi1� � fXirg � �Bi2� � fXi�1wakeg (2)

where �Bi1� is a very sparse matrix that moves the previous trailing
edge into the wake, and �Bi2� preserves the wake computed at the
previous time step as unchanged. As two operations to the wake
geometry are required per time step, the barred terms are used as a
dummy variable. It should be noted that the wake terms on the left
and right sides of Eq. (2) have different sizes, as graphically seen in
Fig. 2.

Next, the circulation � of the newest wake ring is set equal to the
strength of the vortex ring along the trailing edge at the previous time
step:

f�iwakeg � �Ai1� � f�i�1wakeg � �Ai2� � f�i�1wingg (3)

where �Ai1� and �Ai2� serve a similar purpose to that above: the former
preserves the strength of thewake computed in the previous time step
as unchanged (wake decay algorithms [14] are not included in this
work), and the latter sets the strength of the newest wake ring to that
of the old trailing edge. While it may seem unusual to cast Eqs. (2)
and (3) in matrix form (particularly as all four matrices are extremely
sparse), such a formulation is crucial to the sensitivity analysis, as
seen in the next section.

A system of equations is built for the no-penetration condition of
the wing:

�Ci1� � f�iwingg � �Ci2� � f�iwakeg � fLig (4)

where �Ci1� is the wing–wing influence matrix: the mth row and nth
column corresponds to the velocity along the outward normal of
the mth collocation point due to a unit circulation of the nth ring.
Velocities are computed with four applications of the Biot–Savart
law for each finite vortex segment of the ring [12]. The wake–wing
influence matrix �Ci2� is computed in a similar manner. Finally, the
source vector fLig is the velocity along the outward normal of each
collocation point due to the freestream velocity, wing rotation
(flapping), and wing deformation/morphing (the evolution of fxig in
time, but written in the inertial system). As the wake circulation is
known from Eq. (3), Eq. (4) can be solved for the current wing
circulation. These wing and wake strengths can then be used to
compute the induced velocity of each control point:

fwig � �Ciw1� � f�iwingg � �Ciw2� � f�iwakeg (5)

These influence matrices are similar to those found in Eq. (4), but
only include the streamwise portions of each vortex ring. The
velocity for these terms is not resolved along the outward normal of
each panel, but along the local lift vector of each panel (perpendicular
to the flow).

The desired objective function (lift, thrust, power, etc.) can now be
computed from the wing geometry, circulation distribution, and
induced velocity:

gi � f�fxig; fXirg; fXicg; fXi�1c g; fwig; f�iwingg; f�i�1wingg� (6)

All time derivatives (wing velocities for the source vector fLig, as
well as d�=dt terms for the unsteady Bernoulli equation [12]) are
computed with a backward finite difference equation, so information
is needed at the previous time step to compute forces within the
current time step. The lift and drag of themth row and nth column of
the panel mesh are specifically given as

�Lim;n � � � bm;n �
�
k Vim;n k ���im;n � �im�1;n�

� cm;n �
@

@t

�
�im;n � �im�1;n

2

��
� cos��m;n� (7)

�Di
m;n � � � bm;n �

�
�wim;n � ��im;n � �im�1;n�

� cm;n �
@

@t

�
�im;n � �im�1;n

2

�
� sin��m;n�

�
(8)

where � is the fluid density, cm;n and bm;n are the chord and span of
each panel, fVm;ng is the velocity vector of each panel (due to
translation, flapping, and wing deformation), and �m;n is the angle of
attack of each panel. At the leading edge (where m� 1) the m � 1
terms are removed from the equations. The angle of attack is found
by resolving fVim;ng along the chord and outward normal of each
panel and then using an arctangent function. The quantities in
Eqs. (7) and (8) act along the local lift and drag vectors of each panel,
which can be transformed into a fixed inertial frame, summed, and
then normalized to compute the coefficients of lift and thrust (CL and
CT) for the entire flapping wing.

Equations (7) and (8) are used to compute the pressure on each
panel, which in turn can be used to compute the input power to the
system [16]:

Pi �
XM
m�1

XN
n�1
�bm;n � cm;n � pim;n � fVim;ngT � fsim;ng� (9)

where pim;n and fsim;ng are the pressure and the outward normal of
each panel, respectively. As above, this quantity can be summed over
the entire wing and normalized to compute the pressure coefficient
CP. For this work, the inertial power input required to flap the system
is neglected (a reasonable assumption for forward flight [2]), as is the
work required to morph the wing. Finally, the mean propulsive
efficiency of the flapping wing is [13]

�� �CT= �CP (10)

where the overbar indicates a time-averaged quantity.
Having computed the relevant force metrics, the wake rings must

be deformed along the local streamline, in keeping with the force-
free assumption [12]. The deformation of the wake is computed as

f�ig ��t � �Di
1� � f�iwingg ��t � �Di

2� � f�iwakeg (11)

where �Di
1� is the wing–wake influence matrix, and �Di

2� is the wake–
wake influence matrix; both matrices are multiplied by a time step to
compute a distance metric. These matrices are three times larger than
the influence matrices of Eqs. (4) and (5): rather than resolving the
Biot–Savart velocities along an outward normal (which does not
exist for the corner of each wake ring), all three Cartesian directions
are of interest. Based upon the computed deformation, the shape of
the wake is updated:

{Xi
r}

{Xi-1 }

{Xi  }wake

wake

U∞

{Xi-1
r}

Fig. 2 Wake-shedding procedure of Eq. (2) in two dimensions.
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fXiwakeg � f �Xiwakeg � �Ei� � f�ig (12)

where �Ei� reflects the fact that only the portion of the wake not
attached to the trailing edge can bemoved, as can be seen in Fig. 2. In
other words, f�ig is only computed for the wake not attached to the
trailing edge, and �Ei� pads the vector with extra zeros. Equation (12)
represents the second wake operation in this time step, and so the
unbarredwake term is reintroduced. The time counter is then updated
from i to i� 1, and Eqs. (2–12) are repeated.

Significant computational cost savings are available if one only
updates the newest wake rows with Eq. (12), rather than the entire
wake. The older wake rings typically lie far away from the wing
(depending upon the reduced frequency) and have a muted effect
upon the wing. As such, a significant portion of �Di

1� and �Di
2� can be

zero, with a potentially negligible effect upon the computed lift and
drag [14]. Furthermore, symmetry about the root is assumed,
decreasing the size of all of the influence matrices.

The results of the current vortex-lattice model are compared
against Euler computations of Neef and Hummel [36], who study a
very similar system to that considered in this work. The flapping
wing has a rectangular planform with an aspect ratio of 8, a NACA
0012 airfoil, a flapping amplitude of 15	, and a reduced frequency
(k� ! � c=2=U1, where ! is the flapping frequency and c is the
wing chord) of 0.1. The flapping motion is sinusoidal, and an out-of-
phasewing twist about the leading edge is imposed linearly along the
span, culminating in a tip twist amplitude of 4	. More information
about active wing twisting and other morphing motions is given
below, and details concerning the Euler solver are found in [36].
Comparative results are given in Fig. 3 for a flapping/twisting wing
with and without the wing root inclined at a constant angle of attack
(pitch) of 4	. As expected, lift is more accurate than thrust, but the
agreement in both trends is acceptable. Thrust is particularly
overpredictedwhen the pitch is 4	; this is due to an underprediction in
the strength of the tip vortex swirling (i.e., an underprediction of the
induced drag), which is shown to be relatively strong in [36]. Wake
roll-up is included in the current model (12), but vortex rings are not
shed from thewingtips, and so themechanism is underpredicted. The
dissimilarities in the two data sets are not indicative of viscous effects

(as both models are inviscid); Fig. 3 merely confirms that the
unsteady vortex-lattice method formulated above is able to correctly
compute data within its range of validity.

To ascertain errors due to viscous forces, results from the current
vortex-lattice model are further compared with experimental data of
Heathcote et al. [37], who study a rectangular plunging wing in a
water tunnel. Thewing has an aspect ratio of 6, a NACA 0012 airfoil,
and a chord of 0.1 m. Thewing is actuated through a cosine plunging
profile with an amplitude of 0:175 � c, and the Reynolds number is
fixed at 30,000. Thewing isflexible in the experiment (clamped at the
root), and the authors report that the structural response can be
adequately represented as a first bendingmodewith a sinusoidal time
history; measured tip displacement and phase lag (behind the root
motion) are given on the left of Fig. 4. Aeroelasticity is of no immedi-
ate interest to the current work, of course, but the plunging wing can
be actively deformed according to the bending profiles of Fig. 4. The
unsteady aerodynamic forces generated by the resulting motion can
then be computed with unsteady vortex-lattice method for compar-
ison with the experimentally obtained results from the passive defor-
mation. More information about activewing bending is given below,
and details concerning the experimental setup are found in [37].

Thrust coefficient as a function of reduced frequency is given on
the right of Fig. 4 for both a rigid wing and a dynamically bending
wing. The unsteady vortex-lattice method correctly predicts the
quadratic growth in thrust with reduced frequency, though the force
is again overpredicted. The discrepancy is now due to both tip vortex
shedding (as above) and viscous drag via flow separation and skin
friction, which can be significant for the low-Reynolds-number flow.
As the reduced frequency approaches 0, an experimental CDo of
0.028 is measured, whereas the inviscid model predicts zero drag. Of
paramount importance to the currentwork, however, is that themodel
correctly predicts the thrust augmentation due to the dynamic wing
bending (the deformation increases the speed of the wingtip and
hence the forces); the offset error in thrust prediction is of lower
importance from a design/optimization standpoint. Though not
shown here, the model is also able to correctly predict the increased
power draw and decreased efficiency of the bending wing, as
compared with a rigid model.

Fig. 3 Comparison of lift and thrust for a flapping/twisting wing with results from [36].

Fig. 4 Comparison of thrust for a plunging/bending wing with results from [37].
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III. Analytical Sensitivity Analysis Framework

For this work, the optimization framework will contain objective
functions and constraints formulated as a time-averaged (over a
complete flapping cycle) force quantity:

G�
Z
to�T

to

g � dt�
XIf
i�Io

!i � gi (13)

whereG is the time-integrated objective function, gi are force-based
metrics measured during the ith time step, and !i is a weighting
coefficient, reflecting a numerical time-integration scheme. A single
period of flapping (T) is assumed to lie between time indices Io and
If. Some amount of simulation time is required before the system
response becomes time-periodic; these time steps lie before Io. For
this work, design variables are the shape of the wing in the body axis
fxig at each time step. Sensitivities then become

dG

dfxjg �
XIf

i�max�j;Io�
!i � dg

i

dfxjg j� 1; . . . ; If (14)

The total derivative dG=dfxjg is computed with a sum from time
step j to the final step If , as a change in the wing shape at time step j
will only change the aerodynamics in the following time steps. Time
steps before Io are considered in Eq. (14) as well; even though they
are not used to explicitly compute G [Eq. (13)], the shape at these
steps will still have an implicit influence, particularly for flows with
highly unsteady features. Computation of the complete set of
derivatives will require the derivative of gi with respect to the wing
shape at every time step before i: using Eq. (14), dG=dfxig will
eventually have 3 � �M� 1� � �N � 1� terms (design variables), and
there are If of these total derivatives (one for each time step).

Facilitating a sensitivity analysis, the following dependencies are
observed. From Eq. (4) in the previous section,

�Ci1� � f�fXirg; fXicg� �Ci2� � f�fXirg; fXicg; f �Xiwakeg�
fLig � f�fXirg; fXicg; fXi�1c g� (15)

Wing–wing influence matrices depend only upon the shape of the
wing, whereas wing–wake influence matrices depend upon the

geometry of both the wing and the wake. The source vector fLig
contains velocity terms due to wing flapping and morphing defor-
mation, which are computed with finite differences. As such, the
geometry at both the current and the previous time steps are required.
From Eq. (5),

�Ciw1� � f�fXirg; fXicg; fXi�1c g�

�Ciw2� � f�fXirg; fXicg; fXi�1c g; f �Xiwakeg�
(16)

These influence matrices reflect the induced velocity fwig, which is
defined as the flow velocity along the local lift vector of each panel.
This vector is defined by the rigid-body motion of thewing (flapping
velocity, for example), which, as discussed above, is computed with
finite difference terms, necessitating geometry information at the
previous time step. From Eq. (11),

�Di
1� � f�fXirg; f �Xiwakeg� �Di

2� � f�f �Xiwakeg� (17)

As above, wing–wake influence matrices depend on the geometry of
both the wing and the wake, and wake–wake matrices depend only
upon thewake. It is also noted that no relationship is assumed to exist
between the wing geometry at disparate time steps: kinematics and
morphing wing deformation are both prescribed quantities.

All of the quantities given in Eqs. (15–17) are purely defined by
geometry; they are assembled by repeated application of the Biot–
Savart law (with the exception of fLig). Therefore, their sensitivities
can be computed by taking the derivative of this law. Consider the
velocity f�g induced at the collocation point of panel L due to a
filament of the vortex ring at panelK, seen in Fig. 5. The member of
the influence matrix that captures this interaction is given as [12]

�Ci1�L;K � �K � fsgT �
�

fr1g 
 fr2g
4 � �� k fr1g 
 fr2g k

�
�
frogT �

�
fr1g
k fr1g k

� fr2g
k fr2g k

��
� � � �

� (18)

Equation (18) reflects one of the four filaments in panel K; the
influences of all four filaments are required, hence the ellipses. The
outward normal fsg is completely defined by the four ring
coordinates of panelL�Xr1–4�, the influence velocity is defined by the
collocation point Xc and the two ring coordinates of the filament at
panelK (Xr5–6), and so the influencematrixmember �L;K� is defined
by one collocation point and up to eight ring coordinates. If panel L
coincides with panel K, then only four ring coordinates are needed.
Using this information, as well as the derivative of Eq. (18), the triply
indexedmatrices @�Ci1�=@fXirg and @�Ci1�=@fXicg can be computed. As
a single ring coordinate only affects up to four rows/columns of �Ci1�
and a single collocation coordinate affects only one row/column of
�Ci1�, both matrices are sparse. Finally, the chain rule can be used to
compute the sensitivity of interest:

@�Ci1�
@fxig

� @�C
i
1�T

@fXirg
� �Qi

r� �
@�Ci1�T
@fXicg

� �Qi
c� (19)

Similar methods can be used to compute derivatives of the remaining
influence matrices.

The derivative of the objective function at time step i (gi) with
respect to the wing geometry is given by

dgi

dfxjg
�

8>>>><
>>>>:
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@fxig �
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T � �Qi
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c � � @gi

@fwig
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wing
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i�1
wing
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@fxi�1g ; j� i� 1
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@fwig
T � @fwig

@fxjg �
@gi

@f�i
wing
g
T � @f�

i
wing
g

@fxjg �
@gi

@f�i�1
wing
g
T � @f�

i�1
wing
g

@fxjg ; j < i � 1

(20)

A piecewise expression is required because an explicit relationship
between the geometry at step j and the loads at step i only exist if
j � i � 1. When j and i coincide, an explicit term @gi=@fxig exists,
as fxig is used to compute cm;n and bm;n in Eqs. (7–9). Transposed
terms in Eq. (20) can be computed directly, using the expressions in
Eqs. (7–10), whereas the remaining terms require additional effort.

{s}

Xr1

Xr3

Xr2

Xr4

Xc

Xr5

Xr6

Γ

{r1}

{r2}

{ro}

{ν}

panel L panel K

Fig. 5 Geometric quantities needed for the computation of �Ci

1�L;K .
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As noted above, sensitivity computations of gi with respect to the
geometry at step i and all preceding steps are required to compute
dG=dfxjg in Eq. (14).As such, at the ith step, it will only be necessary
to use the following equations to compute @�i=@fxig, @�i=@fxi�1g,
@�i=@fxi�2g, etc. (where � can be the induced velocity or the
wing circulation). These terms can then be inserted into Eq. (20) to
compute dgi=dfxjg. Additional terms (also required to compute
sensitivities of �i) such as @�i�1=@fxi�1g or @�i�2=@fxi�4g (for
example) will already be known from similar computations at
previous time steps.

Derivatives of the wing circulation with respect to the wing shape
are given by derivatives of Eq. (4):

@f�iwingg
@fxjg �8>>>><
>>>>:

�Ci1��1 �
�
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@fxig �

@�Ci
1
�

@fxig � f�
i
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2
�

@fxig � f�
i
wakeg

�
; j� i

�Ci1��1 �
�
@fLig
@fxi�1g �

@�Ci
2
�

@fxi�1g � f�
i
wakeg � �Ci2� �

@f�i
wake
g

@fxi�1g

�
; j� i � 1

�Ci1��1 �
�
� @�Ci

2
�

@fxjg � f�iwakeg � �Ci2� �
@f�i

wake
g

@fxjg

�
; j < i � 1

(21)

As above, piecewise expressions are required because fLig is only a
function of fxig and fxi�1g [Eq. (15)], and the wake circulation at
step i is not a function of the geometry at step i [Eq. (3)]. Each of the
piecewise expressions requires the solution to a system of equations
with multiple right-hand sides (one for each design variable, the size

of fxig): a hallmark of the direct method of analytical differentiation
of discrete systems [24]. As a given influencematrixmust be inverted
more than once (a single time for the original vortex-lattice solver and
many times for the sensitivity analysis, particularly for a matrix that
resides toward the beginning of the flapping cycle), each �Ci1� can be
factorized and stored in memory.

As the size of the design variable vector fxig is very large, adjoint
methods are typically preferable, which require a computational cost
that is nearly independent of the number of variables [21]. However,
in addition to complexities associated with adjoint methods for
transient problems discussed above, these methods skip the compu-
tation of the derivative of the system response with respect to the
designvariable (in this case, @f�iwingg=@fxjg) altogether. These terms,

however, are needed for additional computations concerning the
wake, as seen below:

@f�iwakeg
@fxjg

�
(
�Ai2� �

@f�i�1
wing
g
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@fxjg ; j < i � 1
(22)

Equation (22) is the derivative of Eq. (3); the wing circulation
sensitivity @f�i�1wingg=@fxjg will be known from computations

pertaining to gi�1, but would be unavailable had an adjoint method
been used. The derivative of thewake–wing influence matrix needed
above is computed with the chain rule:
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(23)

Sensitivity of the barred wake geometry terms with respect to the
wing geometry requires derivatives of Eq. (2):

@f �Xiwakeg
@fxjg

�
(
�Bi1� � �Qi

r�; j� i
�Bi2� �

@fXi�1
wake
g

@fxjg ; j < i
(24)

Sensitivity of the unbarred wake terms requires derivatives of
Eq. (12):

@fXiwakeg
@fxjg

� @f
�Xiwakeg
@fxjg � �E

i� � @f�
ig

@fxjg (25)

The sensitivity of the wake deformation is given by derivatives of
Eq. (11):
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(26)

At this point, all of the information needed to compute the system response derivative in Eq. (21) (for given time steps i and j) is available. The
derivative of the induced velocities is also required for Eq. (20). Differentiating Eq. (5),
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(27)

All circulation derivative terms needed for Eq. (27) are previously
computed in Eqs. (21) and (22). Additionally, the derivative of the
wake–wing influence matrices for the induced velocities [Eq. (16)]
needed above is
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(28)

Upon completion of these steps, the following terms are known:
@f�iwingg=@fxjg, @f�i�1wingg=@fxjg, and @fwig=@fxjg, which can be

used to compute dgi=dfxjg in Eq. (20). This entire process is then
repeated for j � 1 and j � 2; . . . ; 1 to compute

d gi=dfxj�1g; dgi=dfxj�2g � � � dgi=dfx1g
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Then i can be increased by one, and the entire (reverse time-stepping)
process is repeated until i is equal to If. At this point, the global
derivative dG=dfxg can be assembled with Eq. (14).

As discussed above, the derivative dG=dfxig contains 3 � �M�
1� � �N � 1� terms, and there are If of these total derivatives (one for
each time step). Providing an optimizer with 3 � �M� 1� � �N � 1� �
If design variables to optimize, say, the propulsive efficiency is
infeasible; both spatial and temporal constraints need to be imposed
upon the wing morphing. For example, peak deformation, relative
deformation (i.e., wing strains and curvatures), and wing accel-
erations all need to be limited. Spatially, this can be done by distilling
the shape vector fxig (which contains the x, y, and z coordinates of
each node along the wing) into global mode shapes. Four are
considered in this work, seen in Fig. 6: first and second twisting
��1; �2� and first and second bending ��1; �2�. These shapes are
computed as

fxig � �fxog � fxog � cos��i1 � 2 � fyog=b� � fxog
� cos��i2 � ��192 � �fyog=b�4 � 224 � �fyog=b�3

� 60 � �fyog=b�2�� (29)

fyig � fyog � fi � �fyog=b�2 (30)

fzig � fzog � fxog � sin��i1 � 2 � fyog=b� � fxog
� sin��i2 � ��192 � �fyog=b�4 � 224 � �fyog=b�3

� 60 � �fyog=b�2�� � �1 � �fyog=b�2 � �2 � ��192 � �fyog=b�4

� 224 � �fyog=b�3 � 60 � �fyog=b�2� (31)

where fi is the spanwise foreshortening of the wing, computed from
�1 and �2 so as to preserve the length of the wing from root to tip, and
b is thewing span. Thefirst twistingmode (�1) is identical to that used
in Fig. 3, as described in [36].

The size of the total derivative dG=dfxg has now been distilled
from 3 � �M � 1� � �N � 1� � If to 4 � If. Temporally, the design
variables can further be compressed by assuming that the generalized
coordinates (amplitudes) of each mode are determined by a periodic
cubic spline, or by a sinusoid. For the former, themotion is controlled
by 7 kt equally spaced over the flapping cycle (t=T � 0; 1=7; . . . ;
6=7; the value at t=T � 1 is assumed to be the same as at t=T � 0 for
time periodicity), and the final number of design variables is 28. For
the latter, the amplitude and phase control the generalized amplitude,
and the final number of design variables is eight. The sensitivities
computed in Eq. (14) must also be distilled using the chain rule. For
the first twisting mode, for example,

f�1g �
�
�11 �21 � � � �
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1

�
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df�1g
�
�

dG
dfx1g

T � dfx1g
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1
g

dG
dfx2g

T � dfx2g
df�2

1
g � � �

dG

dfxIf g
T � dfx

If g
df�

If
1
g

� (32)

where dfxig=df�i1g can be computed from Eqs. (29–31). The chain
rule is then used again to temporally compress the variables:

dG

df�1;dvg
� dG

df�1g
T

� df�1g
df�1;dvg

(33)

where �dv are the final design variables associated with the mode:
amplitude/phase of a sinusoid, or control points of a cubic spline. The
derivative df�1g=df�1;dvg is easily computed in the case of sinusoidal
motion, thoughfinite differencesmust be used for the cubic spline, as
MATLAB’s spline toolbox [38] is used. Furthermore, cost savings
are available if the chain-rule transformation dfxig=df�i1g of Eq. (32)
is applied when computing the derivative of the influence matrices
[Eq. (19), for example] before the storage of each term and the use of
the direct method in Eq. (21).

IV. Flapping-Wing Twist Sensitivities

For the remainder of this work, the wing geometry is fixed as a
rectangular planform with an aspect ratio of 6 and a NACA 83XX
airfoil (as studied by Fritz and Long [14], where the airfoil thickness
parameters are irrelevant for the vortex-lattice method). Six panels
are used along the chord and 10 are used along the semispan (root to
tip). The flapping amplitude is 45	, and the wing root is given a
constant angle of attack (pitch) of 5	. Two reduced frequencies
(k� ! � c=2=U1) of 0.1 and 0.75 are considered; the former is
essentially a quasi-steady flight condition, whereas the latter empha-
sizes unsteady effects. Each flapping period T is discretized into 40
time steps, and a quarter-cycle (10 steps) is needed for the aerody-
namic forces to reach time periodicity (i.e., Io is 10 and If is 50).

In this section, only the first twisting mode is considered in
demonstrating the performance of the unsteady vortex-lattice
method and the subsequent sensitivity analysis. The generalized
coordinates of �1 form a sinusoidal motion, out of phase with the
flappingmotion�, following [13], as seen in Fig. 7. Figure 8 provides
wake patterns and lift/thrust histories during a flapping cycle when
k� 0:1. Without the wing twist, the majority of the useful aero-
dynamic forces (positive lift and thrust) are produced during the
downstroke. Though some negative thrust (drag) is produced during
the upstroke, the lift is still positive; because the flow is quasi-steady,
the angle of attack due to vertical motion [8] (wing flapping) is much
smaller than the fixed 5	 pitch at the root, and thus the lift remains
positive through most of the cycle. As noted by Vest and Katz [13],
the thrust during the downstroke is certainly overpredicted, due to an
inability to capture viscous flow separation. Without twist, the time-
averaged (over the cycle) lift and thrust coefficients are 0.695 and
0.033.

Fig. 6 Morphingwingmode shapes:first twisting (upper left), second twisting (upper right),first bending (lower left), and second bending (lower right).
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Adding twist to the flapping motion (Fig. 8) drastically alters the
phase of the lift, with the majority of positive lift now seen in the
upstroke. Thewing is twisted up during this stroke, providing a large
positive angle of attack. These forces also provide a large drag
penalty during the upstroke, whereas the thrust during the down-
stroke is decreased as well. Time-averaged lift and thrust coefficients
have dropped to 0.632 and�0:0952. Clearly, for this low reduced fre-
quency, the out-of-phase sinusoidal wing twisting provides addi-
tional lift during the upstroke, but hinders all other forces generated
during various portions of the flapping stroke. This phase shift in the
aerodynamic forces can also be seen in the wake patterns: without

twist, the highest circulation within the wake occurs during the
downstroke (and thus the peak lift and thrust [17]), and the load is
alleviated during the upstroke. With twist, the highest circulation
occurs during the upstroke, though the peak values are less.

Results are given in Fig. 9 for a higher reduced frequency of 0.75.
For this case, the unsteady terms in Eqs. (7) and (8) (d�=dt) play a
significant role in the lift and thrust computations. Furthermore, as
themajority of thewake lies very close to thewing, local fluctuations
in the wake terms governing the no-penetration equation (4) will
become more important. For the untwisted case, as above, the
majority of the positive lift is generated during the downstroke,
though now the upstroke sees a significant lift penalty. This is due to
the fact that at higher flapping frequencies the angle of attack due to
wing flapping is much larger than the fixed pitch at the root and is
obviously negative during the upstroke. Almost all of the thrust
produced during the flapping cycle of the untwisted wing is positive,
during both the upstroke and the downstroke. Positive thrust during
the downstroke is a result of the negative lift, which is tilted forward
as a result of the negative angle of attack to provide the propulsive
force [2].

For the untwisted wing, time-averaged lift and thrust coefficients
are 1.389 and 1.840, respectively. Including wing twist at k� 0:75

Fig. 7 Flapping and twisting motions used as a baseline study.

Fig. 8 Wake patterns, lift, and thrust computed during a single flapping cycle at k� 0:1, with and without wing twisting.

Fig. 9 Wake patterns, lift, and thrust computed during a single flapping cycle at k� 0:75, with and without wing twisting.
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slightly decreases the magnitude of the maximum and minimum lift
values seen during the stroke and introduces a mild phase shift. The
effect of wing twist on thrust, however, is very drastic. The feathering
motion of the trailing edge decreases the effective angle of attack of
each wing section to decrease the drag. The aforementioned lift
vector rotation is still present, and the end result is a significant
increase in total thrust, during both the up- and downstroke. Similar
effects are seen in the wake comparison of Fig. 9, in which the
circulation found in the wake of the twisted wing generally has a
lower magnitude. This decrease also has ramifications for the input
power required for flapping, as will be discussed below. For the
twisted wing, the time-averaged lift and thrust coefficients are 1.458
and 2.891; both values are increased over the untwisted case. The
effect of wing twist as reported in Figs. 8 and 9 is consistent with the
results of Vest and Katz [13]: twisting becomes detrimental toward
propulsion as the reduced frequency decreases.

A sensitivity analysis for low-frequency flapping (k� 0:1) is
given in Fig. 10, in which the objective functions G are considered
the time-averaged lift [Eq. (7)], thrust [Eq. (8)], power [Eq. (9)], and
propulsive efficiency [Eq. (10)] through the cycle. The design
variables are the first-mode twist angle at each time step (�i1), as
described in Eq. (32). Flapping with and without wing twist are both
considered, and it should be noted that even though the design
variable may be zero at each time step (for the untwisted case),
dG=df�i1g is typically nonzero. A comparison between the analytical
sensitivity analysis given above and a simple (though very expen-
sive) finite difference scheme is also given in the figure, with an
excellent agreement between the two.

In terms of the lift coefficients, both the twisted and untwisted
cases advocate increasing the twist angle during both the upstroke
and the downstroke to increase the time-averaged lift (as evidenced
from the positive values of dG=d�i). For this quasi-steady flight
condition, increasing the twist angle will increase the angle of attack
and thus the lift. The untwisted wing is closer to an optimum during
the upstroke (as the gradients are smaller), whereas the twisted wing
is superior during the downstroke. This is further confirmed with
the lift trends seen in Fig. 8. The extremely detrimental effect of
wing twist upon thrust (for low reduced frequencies) is seen in the
derivatives of the time-averaged thrust of the twisted wing of Fig. 10.
During the downstroke, when the twist is negative, the derivatives are
strongly positive, suggesting that increasing the twist will improve

thrust. The opposite is seen during the upstroke. Contrastingly, the
derivatives of the untwisted wing are very small, though a small
amount of negative twist is recommended during the upstroke. As
before, these trends are generally verified by an inspection of Fig. 8.

For the untwisted wing in Fig. 10, the input power can be
decreased with wash-out during the downstroke and wash-in during
the upstroke. For the twisted wing, however [which uses this exact
twist profile (Fig. 7)], the derivatives have changed signs, suggesting
that the optimum lies at a twisting amplitude less than 45	. The
propulsive efficiency � [Eq. (10)] is increased by decreasing the twist
during both the up- and downstroke, presumably to lower the angle of
attack. As mentioned above, increasing (or at least maintaining) the
coefficient of lift of the untwisted wing requires an increase in
the twist angle during both strokes: efficiency and lift cannot
simultaneously be improved using the first twisting mode when
k� 0:1, as will be discussed below.

Sensitivity derivatives for the larger reduced frequency (0.75) are
given in Fig. 11. As above, time-averaged lift, thrust, power, and
efficiency derivatives; twisted and untwisted wings; and analytical
and finite difference computations are all given, with an excellent
comparison between the latter two. The derivatives for the low-
reduced-frequency case are relatively smooth, though this is no
longer the case at higher frequencies. The response is particularly
noisy at the end of each stroke (t=T � 0, 0.5, 1), where the unsteady
term d�=dt is largest. As the wing passes through the midplane, the
derivatives are fairly smooth. The sensitivities in Fig. 10 also show
noisy behavior at t=T � 0 and 1, but not at 0.5; these are probably
due to unequal weighting !i of the end points in the integration
scheme and also contribute to the data in Fig. 10. The noisy
derivatives are further indication that a temporal link must be pro-
vided using a sinusoidal or spline-based approximation [Eq. (33)] for
the optimizer, or the optimal design will have unrealistic accel-
erations from one time step to the next.

The untwisted wing sensitivities advocate negative twist during
the downstroke for greater lift, whereas the twisted wing (which has
negative twist during the downstroke) recommends the opposite:
obviously, an optimum lies somewhere in between. Overall, lift
derivatives are fairly small, however, indicative of the minor changes
inCL due towing twist seen in Fig. 9. Similar contrasts are seen with
the thrust, where the untwisted wing indicates negative twist during
the downstroke and the opposite during the upstroke to maximize

Fig. 10 Derivatives of time-averaged lift (upper left), thrust (upper right), power (lower left), and efficiency (lower right) with respect to the wing twist

(first mode) at each time step, k� 0:1.
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thrust. The twisted wing, which uses that exact design strategy,
indicates that the twist may be too low toward the end of the
downstroke and too high at the end of the upstroke, where the
flapping velocity approaches zero and high forces typically translate
into a drag.

Asmay be expected, the design space for power (and subsequently
the efficiency) is fairly complex for higher reduced frequencies. For
the power terms in Fig. 11 the untwisted wing is able to decrease the
input power by increasing the twist during both the up- and down-
stroke, thoughwash-out is preferred at the bottom of the downstroke.
Conversely, the twisted wing (with negative twist during the
downstroke) can decrease the power by further decreasing the twist
for this portion of the flapping cycle: this trend suggests multiple
local optima. During the upstroke, both the twisted and untwisted
wings have very similar sensitivities, despite drastically different
twist profiles. For the efficiency terms, an out-of-phase twist profile
similar to that of Fig. 7 will improve �. As the efficiency derivatives
are not in direct opposition to either the lift or thrust derivatives for
the entire cycle (such as seen with the lift in Fig. 10), it should be
possible to improve the propulsive efficiency without degrading the
force-producing capabilities of the wing.

Having studied the derivatives of the cycle-averaged force terms,
attention is now briefly turned to the sensitivities of forces at a given
time step (@gi=@fxjg), as computed with Eq. (20). Results are given
for an untwisted wing in Fig. 12 for both low and high reduced
frequencies. The derivative of the lift coefficient at themiddle and the
end of the cycle (t=T � 0:5 and 1) is given with respect to the first-
mode twist angle at each preceding time step. When the reduced
frequency is 0.1, @gi=@fxjg is largest when i and j coincide and
rapidly and smoothly drops off as onemoves backward in time. Only
the wake terms can provide the force computations at one step with
the influence of the geometry at a preceding step; for the low reduced
frequencies, the wake is too far from the wing to have a sizeable
impact.

In light of this result, only the geometry information at the
preceding few time steps is needed for an accurate computation of
Eq. (14): the reverse summation can be truncated with little loss of
accuracy. For the higher reduced frequency, however, this is not
necessarily the case. As expected, the gradients are very noisy in
time, and certain portions of the history have relevant magnitudes
toward the complete computation of Eq. (14) (particularly when j

lags i by a half-cycle). Furthermore, @gi=@fxjg is largest when
j� i � 1; this is thought to be due to the fact that many unsteady
terms are computed with a backward finite difference, which
obviously become more relevant at higher reduced frequencies.

V. Design Optimization Applications

The final section of this work uses the above techniques to
optimize the propulsive efficiency of a flapping wing with active
shape morphing, subject to force-based constraints, as discussed by
Berman and Wang [4]:

maximize �

such thatCL;ave � CL;baseline
CT;ave � CT;baseline
KSi � 0 i� Io; . . . ; If
fLBg � f�DVg � fUBg

where CL;baseline and CT;baseline are the cycle-averaged coefficients
computed without shape morphing:, i.e., the results of Figs. 8 and 9
for the untwisted wing. These first two constraints should not

Fig. 11 Derivatives of time-averaged lift (upper left), thrust (upper right), power (lower left), and efficiency (lower right) with respect to the wing twist

(first mode) at each time step, k� 0:75.

Fig. 12 Derivative of the lift coefficient at t=T � 0:5 and 1 with respect

to the wing twist at all preceding time steps, for an untwisted wing.
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necessarily be thought of as trim requirements (which should be
considered at each time step, rather than the cycle-averaged quanti-
ties used here), but merely as ensuring that the optimization process
does not remove the basic force-producing ability of the baseline
wing during its search for efficiency improvements. As the current
work is solely concerned with wing design, longitudinal stability
(i.e., pitching moment) is not considered. KS is a Kreisselmeier–
Steinhauser function [21] computed over the wing at each time step:

KS i � 1

	
� ln
�XM�1
m�1

XN�1
n�1

�
e	��z

i
m;n�zo;m;n�wmax�

��
(34)

This function essentially requires that the out-of-plane morphing
deformation at each node (fzig � fzog) is less than a given value
wmax. The nonlinear exponential terms places the greatest weight
upon the constraint with the largest violation (the node with the
largest deformation abovewmax). The morphing deformation can be
computed with Eq. (31), as can the sensitivities of the KS function
with respect to the wing geometry (@KSi=@fxig). A separate KS
function is computed at each time step within the cycle, with 	 set to
150 and wmax set to 70% of the root chord.

The final constraint establishes side constraints for the vector of
design variables. The generalized coordinates of each wing mode
(Fig. 6) are constrained by bounding either the amplitudes (for an
assumed sinusoidal motion) or the values at the control points of the
cubic spline approximation. As noted in Table 1, the first twisting
mode �1 is bounded by
45	, the second twisting mode is bounded
by 
20	, the first bending mode �1 is bounded by 
0:7 � c, and the
second bending mode �2 is bounded by 
0:3 � c. For the spline
motions, this will only control the deformation at time steps that
coincidewith a control point location; intermediate time steps will be
limited by the KS function of Eq. (34). No penalty is applied during
the optimization process associated with morphing actuation: i.e.,
feasible actuator placement along thewing to actually achieve shapes
described below.While such a constraint should certainly be applied
during the flapping-wing design process [as well as the power
required to morph the wings, which is not included in Eq. (9)], the

current study is merely intended to demonstrate the usefulness of an
analytical sensitivity analysis for vortex-lattice-method-based
optimization and to provide a set of primary design guidelines for
efficient flapping flyers via wing deformation.

All optimization studies are run with MATLAB’s fmincon
function [38], which uses sequential quadratic programming with a
quasi-Newton approximation to the Hessian. Sensitivities of the
objective function and constraints are supplied to the algorithm using
the above framework. As discussed above, several optimization runs
are conducted with an increasing number of design variables
(providing a greater degree of spatial and temporal freedom to the
active shapemorphing). The optimal design fromone run can be used
as an initial guess for the next run with a larger number of design
variables. Results from the sweep of optimization runs are given in
Tables 2 and 3 for reduced frequencies of 0.1 and 0.75, respectively.

For all cases, the constraint upon the cycle-averaged lift coefficient
remains active, and the propulsive efficiency generally increases as
the number of design variables NDV increases. Efficiency values are
generally larger as the reduced frequency is increased, consistent
with data given by Vest and Katz [13]. At low reduced frequencies
(Table 2), sinusoidal first-mode bending or twisting (two design
variables) is unable to improve the propulsive efficiency without
violating one or more of the constraints, though a combination of the
two (four design variables) provides mild improvements. For high
reduced frequencies (Table 3), sinusoidal first-mode twisting is very
successful by pushing the amplitude to 45	; efficiency is optimalwith
a phase shift of 1.33, though thrust is optimal with a phase of 1.57, as
seen in Fig. 7. Sinusoidal first-mode bending is, as before, unable to
improve efficiency in a feasible manner, and optimizing with first-
mode bending and twisting (four design variables) reverts to the
solution with only twisting.

As would be expected, providing a greater degree of temporal
freedom (i.e., cubic splines, rather than a sinusoidal approximation)
greatly improves the optimal design for both reduced frequencies. It
should also be noted that no discernible difference in computational
cost was noted in gradient computations for any of the cases in
Table 2 or Table 3. As discussed above, Eq. (21) requires the solution
to a system of equations with multiple right-hand sides (one for each
design variable), which is very fast for the moderately sized matrices
considered here. This is in stark contrast to the use of finite
differences (such as seen in Figs. 10 and 11), for which the compu-
tational cost is proportional to the number of design variables.

Considering only first-mode bending and twisting (14 design
variables), phase plots of the optimal generalized coordinates �1 and
�1 are given for both reduced frequencies in Fig. 13. Thewing shapes
that results from these motions are given in Fig. 14; care should be
taken in interpreting the latter plots, as the apparent forward speed of

Table 1 Summary of generalized coordinate bounds

Wing morphing Lower bound Upper bound

�1: first twisting mode �45	 45	

�2: second twisting mode �20	 20	

�1: first bending mode �0:7 � c 0:7 � c
�2: second bending mode �0:3 � c 0:3 � c

Table 2 Optimal design results, k� 0:1

Wing morphing NDV CL;ave CT;ave CP;ave � Optimal solution

None, baseline 0 0.695 0.033 0.171 0.191 ——

First twisting mode, sinusoidal 2 0.695 0.033 0.171 0.191 �1 � 0
First bending mode, sinusoidal 2 0.695 0.033 0.171 0.191 �1 � 0
First bending and twisting modes, sinusoidal 4 0.695 0.035 0.165 0.213 �1 � 8:94	 � sin�! � t � 0:008�

�1 � �0:693 � c� � sin�! � t � 1:55�
First bending and twisting modes, spline 14 0.695 0.046 0.166 0.281 Fig. 13
First and second bending and twisting modes, spline 28 0.695 0.072 0.163 0.440 Fig. 15

Table 3 Optimal design results, k� 0:75

Wing morphing NDV CL;ave CT;ave CP;ave � Optimal solution

None, baseline 0 1.389 1.840 7.371 0.249 ——

First twisting mode, sinusoidal 2 1.389 2.557 4.898 0.522 �1 � 45	 � sin�! � t� 1:33�
First bending mode, sinusoidal 2 1.389 1.840 7.371 0.249 �1 � 0
First bending and twisting modes, sinusoidal 4 1.389 2.557 4.898 0.522 �1 � 45	 � sin�! � t� 1:33� �1 � 0
First bending and twisting modes, spline 14 1.389 2.142 3.413 0.627 Fig. 13
First and second bending and twisting modes, spline 28 1.389 2.021 2.589 0.781 Fig. 16
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the wing is scaled so as to see each wing shape clearly and is not
indicative of the true reduced frequency.Certain portions of the phase
plots may appear to violate the deformation constraints, but all
designs are feasible. Toward the end of the downstroke (k� 0:75),
for example, the first-mode twisting amplitude becomes �52	. As
seen in Fig. 6, this entails a large upward deflection of the trailing
edge, which is partially counteracted by the negative bending in this
portion of the stroke, and the end result is feasible with respect to the
KS constraint of Eq. (34). Regardless, the values of the amplitudes at
the spline control points (t=T � 0; 1=7; . . . ; 6=7) all lie within the
restrictive side constraints (
45	 for first-mode twisting).

For the lower reduced frequency (k� 0:1), a moderate amount of
first-mode wing twist is used in conjunction with a large amount of
first-mode wing bending, the latter operating at roughly twice the
flapping frequency.Wing velocities due to the first-mode bending are
relatively large through the midstroke (increasing flapping velocities
during the upstroke, though counteracting the motion during the
downstroke) as well as at the top of the upstroke. The reduced fre-
quency is too low in this case for the velocity of the first-mode
bending to make a substantial contribution to the angle of attack of
each section, however, and so the drastic changes in shape are the
probable cause of the efficiency improvements. Through the first
portion of the downstroke, the bending motion acts to counteract the
flapping motion entirely: as seen in Fig. 14, the untwisted wingtip
motion is very minor. Presumably, this is a power-optimal solution.

Similarly, the wingtip motion is counteracted at the bottom of the
downstroke, remaining negatively twisted with a strong anhedral for
a significant portion of the stroke.

For the higher reduced frequency (k� 0:75), the wing twist has a
large magnitude and is mostly out of phase with the flapping motion,
as above; the optimal featheringmotion bears similarities with results
given by Willis et al. [17]. Through the upstroke, the wing twist is
largely constant at 45	, though larger magnitudes are seen during the
downstroke, as discussed above. First-mode wing bending is much
more moderate for this case (both magnitudes and velocities) and
appears to be used to control the axis about which thewing rotates (as
well as to allow large rotations without violating the KS constraint).
Through the downstroke, wing bending is minor, and so the wing
rotates about the leading edge, as specified by the mode shape in
Fig. 6. Conversely, through the upstroke, the positive wing bending
shifts the center of rotation toward the midchord, as seen in Fig. 14.

Turning now to optimal wing motions with all four mode shapes
considered (28 design variables), phase plots of the four generalized
coordinates are given in Fig. 15 (k� 0:1) and Fig. 16 (k� 0:75), and
the resulting wing motions are given in Fig. 17. For the low reduced
frequency, a verymoderate amount of second-mode twisting is used,
which allows a larger first-mode amplitude than previously seen at
this frequency. The first bending mode still operates at roughly twice
the flapping frequency, though is now skewed toward the top of the
upstroke. The amplitude of this mode seen in Fig. 15 is very large as

Fig. 13 Optimal wing morphing with first-mode twisting and bending: generalized coordinates approximated with cubic splines, plotted versus

flapping angle �.

Fig. 14 Baseline (thin lines) and morphed shapes (thick lines) described by Fig. 13 through the stroke: k� 0:1 (top) and k� 0:75 (bottom). Apparent

distance traveled by wing is scaled.
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well, though deflection values at thewingtip are offset by the second-
mode bending, which is typically of opposite sign. This combined
motion forces large deformations toward the inboard portion of the
flapping wing, clearly seen in Fig. 17. The second-mode bending
amplitude has no phase loop, as the motion along the upstroke is
identical to that along the downstroke.

Similar trends can be seen at the higher reduced frequency
(Fig. 16), though the twisting deformations are more relevant for this
case. The first-mode and second-mode twisting travel in separate
directions along the phase loop, so that they typically have opposite
signs. As before, this causes large deformations toward the inboard

portions of the wing, forcing a larger portion of the wing to twist.
Bending again appears to be used to control the chordwise location
aboutwhich thewing rotates (where themidchord is preferred during
the upstroke). Furthermore, the ratio of first-mode and second-mode
bending is tailored at each time step so that the amplitude of the path
traveled by the wingtip is much less than for the undeformed wing
during the complete flapping cycle.

The lift, thrust, and power phase plots that develop over the
flapping wing at k� 0:1 are given in Fig. 18 for both first-mode
spline morphing (Fig. 14) and first- and second-mode spline
morphing (Fig. 17). Morphing with only the first modes generally

Fig. 15 Optimal wing morphing with first- and second-mode twisting and bending for k� 0:1: generalized coordinates approximated with cubic

splines, plotted versus flapping angle �.

Fig. 16 Optimal wing morphing with first- and second-mode twisting and bending for k� 0:75: generalized coordinates approximated with cubic

splines, plotted versus flapping angle �.

Fig. 17 Baseline (thin lines) and morphed shapes (thick lines) described by Figs. 15 and 16 through the stroke: k� 0:1 (top) and k� 0:75 (bottom).

Apparent distance traveled by the wing is scaled.
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decreases the forces (lift, thrust, and power) through themiddle of the
downstroke (as discussed above, the local bending deformation
counteracts the flapping motion, and the wing position remains
nearly constant, as seen in Fig. 14). Forces are redistributed to the
beginning and end of the downstroke: the lift constraint is fulfilled,
and the ratio of average thrust and power is such that propulsive
efficiency improves (from 0.191 to 0.281). For combined first- and
second-mode spline morphing, the motions at the middle of the
downstroke increase the forces (though power decreases during the
latter portion of the stroke), whereas the forces at the extremes of
the flapping stroke are largely unchanged. The introduction of the
second modes improves the thrust during the upstroke as well
(though lift and power suffer): the end result is a further increase in
efficiency to 0.440.

Similar results are given in Fig. 19 for a reduced frequency of 0.75.
Unlike the previous case, in which the introduction of the second
modes gives entirely different optimal force trends, both optimiza-
tion cases give similar results here, with the second modes providing
a more drastic response. For the lower reduced frequency, optimal
efficiency is thrust-based, as only minor improvements in power are

available, though the opposite is true at higher reduced frequencies
(as seen in Tables 2 and 3). Providing the systemwith greater degrees
of freedom for morphing generally collapses the lift phase plot,
where the loss of lift generation during the downstroke is offset by the
negative lift typically generated through the upstroke, leaving the lift
constraint active. As mentioned, minor changes in thrust are seen
over the cycle, but the required input power drops dramatically over
both the upstroke and the downstroke, leaving efficiencies of 0.627
and 0.781 for first- and second-mode morphing, respectively.

The sectional normal force coefficient computed along the
semispan of the flapping wing is given in Fig. 20 for a reduced
frequency of 0.1. Results are given for the three cases discussed in
Fig. 18, from left to right: the top of the upstroke, the middle of the
downstroke, the bottom of the downstroke, and the middle of the
upstroke. As noted above, the predominate differences between the
baseline and the two morphing schemes are clearly seen through the
downstroke: morphing with only the first modes decreases the forces
(as compared with the baseline case) and vice versa for first- and
second-mode morphing. The forces for the latter case are peak at
60% of the semispan, as the use of the second bending and twisting

Fig. 18 Lift, thrust, and power computed as a function of flapping angle for the spline morphing optimization, k� 0:1.

Fig. 19 Lift, thrust, and power computed as a function of flapping angle for the spline morphing optimization, k� 0:75.

Fig. 20 Sectional normal force coefficient along the semispan for the spline morphing optimization, k� 0:1.

Fig. 21 Sectional normal force coefficient along the semispan for the spline morphing optimization, k� 0:75.
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modes provides large inboard deformations (Fig. 17). Further results
are given in Fig. 21 for a reduced frequency of 0.75. Both optimal
designs are generally capable of decreasing the forces as compared
with the baseline case (and thus, presumably, the input power seen in
Fig. 19) along the wing during the entire flapping motion, though
morphing with both first and second modes is substantially more
effective through the middle of the downstroke.

Finally, the circulation strength of the wakes trailing the optimal
wing morphing configurations discussed above are given in Figs. 22
and 23 for low and high reduced frequencies. Both first-mode
morphing and first- and second-mode morphing are given. The axis
limits of the contour plots are identical to their counterparts in Fig. 8
and Fig. 9 for comparisonwith baseline (undeformed)wingflapping.
When k� 0:1 (Fig. 22), the overall strength of the wake has not
substantially decreased from the baseline case, as the average power
decrease is minor. The local drop in power through the middle of the
downstroke with first-mode morphing (Fig. 18) is evident from the
wake panels, which are aligned with the forward-flight direction
during this portion of the stroke.When k� 0:75 (Fig. 23), the vortex
rings in the wake are substantially weaker than the baseline case,
reflective of the large drop in required input power.

VI. Conclusions

This work has detailed a computational framework capable of
obtaining the derivative of a time-averaged force quantity (lift, thrust,
power, propulsive efficiency) with respect to the shape of a flapping
wing at any time step. These sensitivities are computed analytically
with an unsteady vortex-lattice method, by differentiating the no-
penetration condition for each panel that is used to build the systemof
equations. For low reduced frequencies, the flow that develops over
the flapping wing is essentially quasi-steady: the aerodynamic state
at a given time step ismostly influenced by thewing shape at that time
step. As the reduced frequency increases, unsteady effects become
important, the influence of the wake is stronger, and the forces at a
time step are substantially affected by thewing shape at previous time
steps. Wake terms provide the only connection between the forces
generated at disparate time steps and must be included to compute
accurate sensitivities.

These derivatives are used for gradient-based optimization to
maximize the propulsive efficiency under lift and thrust constraints.
As expected, increasing the number of design variables (providing
the wing morphing with a greater degree of spatial and temporal
freedom) provides higher efficiencies. At low reduced frequencies,

bending deformation plays a large role, substantially increasing the
time-averaged thrust to improve the efficiency, though the average
power is largely unaffected. At high reduced frequencies, twisting
deformations are more important; optimization drives the design to a
morphing configuration with very low input power, though the time-
averaged thrust only shows minor improvements.

This work has many relevant future applications. First, and most
obvious, the morphing designs obtained above can be tested with
higher-fidelity aerodynamic solvers to ascertain their superiority
over the baseline configuration. Results from these tests may provide
some indication of additional constraints needed to avoid config-
urations known to exhibit massive viscous flow separation, for
example. Second, the results above may provide a suitable frame-
work for jig-shape aerostructural optimization. As the optimal cyclic
wing shape as well as the concomitant pressure distribution are
known, these aerodynamic forces can be applied to a structural
model to compute passive deformation. The internal layout of the
wing structure can be optimized until the resulting deformed wing
shape matches the results given above. This decoupled aeroelastic
optimization will surely give suboptimal results (and in some cases
may be unable to approach the complex deformations computed
above), leading to a third application. A fully coupled aeroelastic
sensitivity analysis would require the derivative of the aerodynamic
state with respect to the wing shape at each time step, as detailed
above. The framework given in this paper should be immediately
applicable to such an undertaking.
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